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Abstract
We study the heat trace asymptotics defined by a time-dependent family of
operators of Laplace type which naturally appears for time-dependent metrics.

AMS classification scheme numbers: 58G25, 35P05

1. Introduction

Let M be an m-dimensional compact Riemannian manifold with smooth boundary, let V be a
smooth vector bundle over M, and let D : C*(V) — C*(V) be an operator of Laplace type
whose coefficients are independent of the parameter ¢; such an operator is said to be static.
There is a canonical connection V on V and a canonical endomorphism E of V so

D = —{Tr(V?) + E}. (1.1a)

Letx = (xy, ..., x,) be asystem of local coordinates on M. We adopt the Einstein convention
and sum over repeated indices. Fix a local frame for V and expand:

ds2, = g,y dx" o dx” and D = —(g"9,d, + A"d, + B)

where A and B are local sections of TM ® End(V) and End(V'). Let Iy be the identity map
on V. The connection 1-form w of V and the endomorphism E appearing in equation (1.1a)
are given by

ws = %gvé(Av + g“GF;LUVIV)

(1.1b)
E =B — g0, +ww, —w;T,,7)

see [4] for details. Let ‘;” denote multiple covariant differentiation; we use the Levi-Civita
connection on M and the connection of equation (1.15) determined by D to differentiate tensors
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of all types. If D is a time-dependent family of operators of Laplace type, then we expand D
in a Taylor series expansion in ¢ to write D invariantly in the form

Du = Du+Ztr{gr,iju;ij+-7:r,iu;i+5ru}- (I.1¢)
r>0

This setting appears, for example, when defining an adiabatic vacuum in quantum field theory
in curved spacetime [1]. If the spacetime is slowly varying, then the time-dependent metric
describing the cosmological evolution can be expanded in a Taylor series with respect to ¢.
The index r in this situation is then related to the adiabatic order. However, a direct application
of the following results to quantum field theories in the way one is used to from the static
setting is not possible. A more natural physical framework of this investigation is instead
non-relativistic quantum physics with a time-dependent Hamiltonian and the classical physics
of heat propagation.

Near the boundary, let indices a, b, ... range from 1 through m — 1 and index a local
orthonormal frame for the boundary; let e,, denote the inward unit normal. We assume given
a decomposition of the boundary M = Cy U Cp as the disjoint union of closed sets: we
permit Cyr or Cp to be empty. Let

Bu = u|cy @ (g + St +1(Tyttoq + Syu0))| (1.1d)

define the boundary conditions; we can treat both Robin and Dirichlet boundary conditions
with this formalism. In the following we shall let By be the static (i.e. time-independent)
part of the boundary condition; Bou := u|c, ® (., + Su)|c,. The reason for including a
time dependence in the boundary condition comes, for example, from considerations of the
dynamical Casimir effect; it takes the form given in (1.1d) for slowly moving boundaries. Here
we included only linear powers of ¢ because higher orders do not enter into the asymptotic
terms we are going to calculate. Note that by multiplying B by (1 + T™)~!, we can take
" =0.

If ¢ is the initial temperature distribution, the subsequent temperature distribution u(#, x)
is determined by the equations

(0 +D)ug(t,x) =0 Bu =0 and uy(0,x) = ¢. (1.1e)

Let  : ¢ — ugy be the fundamental solution of the heat equation. If D and B are static, then
IC = e7'P5. Let vy, be the Riemannian measure on M. There exists a smooth endomorphism-
valued kernel K (¢, x, x, D, B) : V; — V, so

ug(t,x) = (Ko)(t,x) = /M K(t,x,x,D,B)p(x)dvy.

For fixed ¢, the operator /C(¢) : ¢ — ¢ (¢, -) is of trace class. We let

a(f,D,B)(t) := TrLz(fIC(t))z/ S&x)Try (K, x,x,D, B))dvy. (1.1f)
M

The function f € C* (M) is introduced as a localizing or smearing function. As ¢ | 0, one
can extend the analysis of [6] from the static setting to show that there is a complete asymptotic
expansion of the form

a(f,D,B)(t) ~ Y a,(f, D, B)t" """, (1.1g)

n=0

The asymptotic coefficients a, (f, D, B) form the focus of our study. We may decompose a,
into an interior and a boundary contribution:

a,(f, D, B) =aM(f, D) +a’™(f, D, B).
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The interior invariants vanish if #n is odd and do not depend on the boundary condition; the
boundary invariants are generically non-zero for all n. Let N*(f) denote the uth covariant
derivative of the smearing function f with respect to e,. There exist locally computable
invariants a (x, D) and as % (v, D, B) defined for interior points x € M and boundary points
y € OM so that

a0 = [ Fwalt . D) dvy
Y (1.1h)
a™(f,D,B) = Z/ NA(f)a)™ (v, D, B) dvyy.
w JoM

If D and B are static, then these are the heat trace asymptotics which have been studied
in many contexts previously; a(l, D, B) = Tr2e'P5. Let R;ji be the components of the
curvature tensor defined by the Levi-Civita connection and let €;; be the components of the
curvature endomorphism defined by the auxiliary connection V on V. We do not introduce
explicit bundle indices for €2;; and E. Let L, be the second fundamental form. Let *:” denote
multiple covariant differentiation with respect to the Levi-Civita connection of the boundary
and the connection defined by D. We refer to [2] and [4] for the proof of the following result
for static D; see also related work [3, 7-9].

Theorem 1.1.

(a) a!(f. D) = (dm) "2 / £ Te(ly) duy
M
(b) a}! (f, D) = (4m)™"?1 / FTr(Rijjilv +6E) dvy
M

(c)

a'(f, D) = (4m)™"* L / f Tt{60E 4 + 60R;j;; E + 180E* + 309;;;;

M
+(12Rijji-kk + SRijji Rtk — 2Rijui Rijua + 2Rijra Riji) v} dvy

(d) a™(f,D,B) =0
(e)

ai™(f, D, B) = =)L | fTe(Iy) dvgy + @)L | Te(Iy) dvgy

CD CN

(f)

ad™(f, D, B) = (4m)""/*1 / Tr{2f Laalv — 3 fimlv} dvon

Cp
+(dm) "L / Tr{f QLao Iy + 128) + 3 fou Iy} dvyy
Cy

(g)

M (f, D, B) = —(4n)<1—’">/2ﬁ/ Tr{96 fE + f(16R;jji — 8Rumma

Cp

+7Laa Lbb - IOLabLab)IV - 30f;mLaa IV + 24f,mm ]V} dV{)M

+(dm) =2 L / Tr(96 fE + £ (16R;jji — 8 Ramma

Cn
+13LaqLpp +2LapLap) Iy + f(96S Ly, + 19252)
+f;m(6Lau IV + 96S) + 24f:mmIV} dUBM
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(h)

360
Cp

a™(f, D, B) = (4m)""* L f Tr{f(—120E.,, + 120E L,,)
+f(_18Rijji;m + 2ORijjiLaa + 4Ramameb - 12Rammeab + 4Rabchac
+24L gqpp + %LaaLbchc - 87_8LabLachc + %LabLthac)IV
—18()me + f;m(_SORijji - 1;ﬁLaaLbb + %)LabLab)IV + 24f;mmLaaIV
=30 f.iimlv}dvom

360
Cn

+(dm)™"? L / Tr{f (240E.,, + 120E Lyy) + f (42R;jjim + 24 L aaih

+20R;jji Laa + 4 Ramam Lvs — 12 Rampm Lab + 4Rapes Lac + % Laa Ly Lec
+8LapLapLec + Z LapLpcLac) Iy + f(T20SE + 1208 R;jj; + 144SL oo L
+48S Loy Loy + 4808 Ly, + 4808 +1208.44) + fim(180E +72SL,,
+2405%) + fun BOR;jji + 12Laq Ly + 12Lap Lap) Iy + 120 £y S

+24 foum Laa Iy + 30 fiim Iy} vy

The main result of this paper is the following result which extends theorem 1.1 to the

time-dependent setting.

Theorem 1.2.

(a)
(b)
(c)

(d)
(e)

)

a!(f, D) = al! (f, D)
o (f.D) = all (f. D) + (dm) "/ / FTECG100) dvy
M

a' (f, D) = a}' (f, D) + (4mr)"* 55 / FTe(2G1iiG1 ;i + 261G
M
+60G, ;i — 180&1 + 15G1 ;i Rjkxj — 30G ij Rixkj + 90G ;i E + 60F ;.
+15G1 ;i;jj — 30G1,ij.ij) dvm
a™(f,D,B) =a’™(f, D, By) for n<2

ad"(f,D,B) = ai"(f, D, By) + 4m)' ™2 | f Tr(—24G) 40) dvay
Cp

+(4m) T2 / f Tr(24G1 40) dvyy
Cn
aM(f, D, B) =alM(f, D,BO)+(4n)*m/2ﬁ/ Tr{ £ (30G.qa Lps
Cp

_60gl,mmeb + 30gl,abLab + 3Ogl,mm;m - 30gl,aa;m
+Og1,am;a - 3Ofl,m) + f;m(_45g1,aa + 45g1,mm)} dVZ)M
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+(@m) "2 | Tr(£(30G1,aa Lk + 120G yum Ly — 150G1 ap Lap
Cn

_60g1,mm;m + 60g1,aa;m + Ogl,am;a + 150~¢1,m + l80Sg1,aa
_18()Sgl,mm + 360S1 + OTa:u) + f;m (4’591,aa - 45glmm)} dU8M~

Here is a brief outline of this paper. In section 2, we use invariance theory and dimensional
analysis to study the general form of the invariants a, ( f, D, B). We shall use B~ for Dirichlet
and B* for Robin boundary conditions. We shall show, for example, that there exist constants
co and ef such that

a(f,D) = ¥l (f, D) + (4m) "2 / F TecoGr i) dvy
M

ad™(f.D,B) = ai(f, D, By) + (4m)~ "~ V2 L / £ Tr(e; Gi.aa) dvam

Cp
+(dm)~ "2 / f Tr(efG1 aa) dvay.
Cn

We refer to lemma 2.1 for further details. The interior invariants will be described by
constants {c; }}go, the boundary invariants for Neumann boundary conditions will be described
by constants {e; }i \» and the boundary invariants for Dirichlet boundary conditions will be
described by constants {e;” ll 1 - We use the localizing function f to decouple the interior
and the boundary integrals; with the exception of lemma 2.3, there is no interaction between
the unknown constants {c;}, {e;} and {ef}. A priori, those constants could depend on the
dimension. In lemma 2.2, we will use product formulae to dimension shift and show that
the constants are dimension free. We complete the proof of theorem 1.2 by evaluating these
unknown constants; the values we shall derive are summarized in table 1.

We use various functorial properties to derive relations among these constants. For
example, in lemma 2.3, we use the product formulae of lemma 2.2 to show that c5 = 10c¢q. The
functorial properties that these time-dependent invariants satisfy and which are discussed in
sections 3—6 are new and have not been used previously in other calculations of the heat trace
asymptotics. Thus we believe they are of interest in their own right. It is one of the features of
the functorial method that one has to work in great generality even if one is only interested in
special cases. We found it necessary, for example, to consider the very general time-dependent
boundary conditions of equation (1.1d) to ensure that the class of boundary conditions was
invariant under the gauge and coordinate transformations employed in sections 4 and 5. We
work with scalar operators as the (possible) non-commutativity of the endomorphisms in the
vector-valued case plays no role in the evaluation of a, for n < 4.

We summarize the five functorial properties we shall use as follows. In section 2, we
consider a product manifold M = M| x M, where d M, is empty, and an operator of the form
D=D;®1+1® D,. Inlemma 2.3, we show that

an(fif2. D, B) =Y a,(fi, D1, B)ay(f>, Do).
p+q=n
In section 3, we rescale the time parameter z. Let D and B be static operators. Let
D := (1 +2at +36t>)D. In lemma 3.1, we show that
m
a2(fs D9 B) = a2(f7 D’ B) - Eaao(fs Dv B)

m—1

a3(f, D, B) = a3(f, D, B) —

aai(f, D, B)

m—2

a4(f7D’B)=a4(f’ D,B)—

war(f, D, B) + <M 2_ T,B)ao(f, D.B).

o
8 2
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In section 4, we make a time-dependent gauge transformation. We assume D and B are static.
Let D, := e¢¥ De’¥ + oW. We also gauge transform the boundary condition B to define
B,. Inlemma 4.1, we show that

d
%{an(ﬁ Dy, Bo)}lo=0 = —an2(f ¥, D, B).

In section 5, we make a time-dependent coordinate transformation. Let A be the scalar
Laplacian and let B be static. Let ®, : (¢, x1, x2) — (¢, x; +10&, x), where g is an auxiliary
parameter. We set D, := ®%(9, + A) — 9, and B, := ®%(B). Let dvy := gdx'dx* In
lemma 5.1, we show that

d
@{an(ﬁ Dy, Bo)Homo = —Lan—2(g7'81(gf B), A, B).

In section 6, we assume given a second-order operator Q which commutes with a static operator
D of Laplace type. We define D, := D + ¢Q and define a suitable boundary condition 3,.
We also define D, := D + 2t Q and show

ad a
g{an(ﬁ Dy, B)}o=0 = %{an72(fv Dy, Bo)}o=0-

In each section, we use the relevant functorial properties to derive relations among the
unknown coefficients; these relations are contained in lemmas 2.3, 3.2, 4.2 and 5.2. These
relations suffice to determine the unknown coefficients and thereby complete the proof of
theorem 1.2. As the computations are somewhat long and technical, we have derived more
equations than are needed as a consistency check; this is typical in such computations.

2. Invariance theory, dimensional analysis and dimension shifting

We begin the proof of theorem 1.2 by establishing the general form of the invariants ¢ and

a’™ for n < 4. Let (D, Bp) be the static operator and boundary condition determined by
(D, B).

Lemma 2.1. There exist constants so that
(@) a' (f, D) =a'(f,D)  and  a"(f,D,B)=a!"(f,D,By)  for i<2
(5) a!(1.D) = ¥ (£ D)+ )24 [ TeenGi) dvg
M
(c)
ay'(f,D) = a)! (f, D) + (477)7"1/2% / S Tr{c1G1,::G1,jj +¢2G1,ijG1.ij
M

+c3G2ii + €41 +5G1 i Rjirj + ¢6G1,ij Rikkj + c7G1,i E + cgF1 i

+c9G1,ii; jj + €10G1,ij:ij} dvm
(d)

ai" (f. D, B) = ai" (f. D, Bo) + (4m)' ™" / f Tr(e; Graa + €5 Grmm) dvom

Cp

+@m) P | f Tr(elGraa + €5G1mm) dVan
Cy
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(e)

alM(f, D, B) = ay(f, D,Bo)+(4n)*'”/2ﬁ/ Tr{f(e5 Gr.aaLlms

Cp
+eZgl,mm Lbb + e;gl,abLab + eggl,mm;m + e;gl,aa;m

+eggl,am:a + e;fl,m) + f;m(e;()gl,ua + eﬂ gl,mm)} dVaM

+(47T)_m/2ﬁ / Tr{f(e3G1.aaLib + €5G1mm Los + €2G1 apLab

Cn
+ + + + +
+e6gl,mm;m + e7gl,aa;m + eggl,am;a + egfl,m + elzsgl,aa

+e-1+3 Sgl,mm + €T4S] + e-l'—S Ta:a) + f;m(e-]'-()gl,aa + e-flgl,mln)} dVF)M-

Proof. We use dimensional analysis. This involves studying the behaviour of these invariants
under rescaling and is described in [4] in the static setting. We assign weight 2 to R, €2,
E and T, and weight 3 to S;. We assign weight 1 to S and L,,. We increase the weight
by 1 for each explicit covariant derivative which appears. Thus, for example, the terms E. i,
€22 and R;ji R; i are all of degree 4. The integrands appearing in ¥ and a’™ are weighted
homogeneous of degree n and n — 1. The structure groups are O(m) and O(m — 1), respectively.
Weyl’s theorem [10] shows that all orthogonal invariants are given by contractions of indices.
The assertions of the lemma now follow by writing down a spanning set for the space of
invariants. We note that since Gy ;; = Gy j;, the invariant Gy ;;€2;; does not appear. O

We will complete the proof of theorem 1.2 by evaluating the unknown coefficients of
lemma 2.1. The remainder of this paper is devoted to deriving the values in table 1.

Table 1. Values of the constants ¢; and ej.t.

cozg cl —‘:5 ) % c3 = 60 cy =—180 ¢5=15
ce = —30 c7 =90 cg = 60 cg =15 cio = —30

el =24 e, =0 ey =30 e, =—60 es =30 eg =30
e; =-30 eg = eg =30 e, =-45 e =45

e =24 e =0 e3 =30 ey =120 el =—150 ef =—60
ey =60 eg =0 ey =150 ej, =45 ef, =—45 ¢}, =180
el;=—180 ¢, =360 e}5=0

The (possible) non-commutativity of the endomorphisms in the vector-valued case plays
no role in the invariants of lemma 2.1. We therefore suppose V to be the trivial bundle
henceforth and omit the trace from our formulae to simplify the notation as we will be dealing
with scalar operators on C*°(M). We also sete; = 0 fori > 12 to have acommon formalism;
these constants describe invariants which involve S, S| and 7, and which are therefore not
relevant for Dirichlet boundary conditions.

A priori, the constants ¢; and eijE might depend upon the dimension. Fortunately, this turns
out not to be the case; the dependence upon the dimension is contained in the multiplicative
normalizing factors of (4w)*. Let D; be smooth time-dependent families of operators of
Laplace type over manifolds M; fori = 1, 2. We suppose M, tobe closed. Let M := M| x M>,
let D := D + D,, and let the boundary condition for M be induced from the corresponding
boundary condition for M.
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Lemma 2.2. Adopt the notation established above.

(@) afl (fif2. D)= Y al'(fi,D1)a)}(f2. Do)

p+q=n

(b) M (fifo, D, B) =Y al™(fi, Dr, Bay(f2, D2)

prq=n

(c) The constants of lemma 2.1 do not depend upon the dimension m.

Proof. We use equation (1.1e) to check that uy,.¢, = ug, - ug,. This shows the kernel function
on M is the product of the corresponding kernel functions on M and on M,; assertions (a) and
(b) now follow. Let (M, Dy, B) be given. Let S! be the unit circle with the usual flat metric and
usual periodic parameter 6. Let Dg = —83 on the trivial line bundle. Let Dy, 51 = Dy + Ds.
Thena, (6, Dg) = Ofor p > Oand ay(6, Ds) = (4m)~1/? (see [4] for details). Thus p = n and
g = 0 in assertions (a) and (b) so a,(f1, Dyxst) = @m)""2a,(f1, Dy, B). It now follows
that ¢;(m + 1) = ¢;(m) and & (m + 1) = ;" (m). ]

We use the product formulae of lemma 2.2 to prove the following lemma:
Lemma 2.3. We havec, = 508, ¢s = 10cq, ¢7 = 60cy, e] = —16¢, e5 = 20c, e}, = —30c,

el = 16¢y, e5 = 20cy, €7, = 30co and e7, = 120cy.

Proof. We apply lemma 2.2 and study the cross terms arising in ap.,(f1f2, D, B) from
ay(f1, D1, Br)ay(f2, D>). We letindices » and s index M; and indices u and v index M. We
use theorem 1.1 and equate coefficients of suitable expressions to derive the following systems
of equations shown in table 2 from which the lemma will follow. U

Table 2. Systems of equations derived by lemma 2.2.

2e1 = 360(Lco)(heo) LA 210G es = 360(5) (5¢0) LA f2Rrssr O]
c7 = 360(%60) [fl fZElgl,uu] eli = 384(:&%)(%60) [fl fzgl.uu]

e =360(1)(Le) Lf1 2L G ] ¢jp = 360(E 1) (5¢0) Lfim F2G1 0]
e;rz = 360(2)(%60) [fsgl,uu]

3. Rescaling the time parameter

Let D and B be static. Let o, 8 € R. We define a time-dependent family of operators of
Laplace type by setting D := (1 +2at + 38t?)D.

Lemma 3.1.

(a) ar(f. D, B) = ar(f, D, B) — %aao(f, D, B)

m— 1

(b) a3(f,D,B)=a3(f, D»B)_ Olal(f, DvB’)

m—2

(C) a4(f7 D’ B) :a4(f’ DvB’) -

war(f, D, B) + (M 2_ Tﬁ>a0(f, D.B).

o
8 2



Heat trace asymptotics of a time-dependent process 1161

Proof. Let ug = e 'P5¢p and let u(t, x) := uo(t + at> + Bt3, x). Then
Du(t, x) = (1 +2at +3B1>)(Dug)(t + at® + pt3, x)
du(t,x) = (1+2at + 3Bt (8,u0)(t + at® + Bt3, x).

This shows that (9, + D)u = 0. Since u(0, x) = up(0, x) = ¢ (x) and Bu = 0, the relations of
equation (1.1e) are satisfied so that

K(t,x,%,D,B) = K(t +at*+ Bt>, x, %, D, B).
The lemma will then follow from the expansions:
a(f. D, BY(t) ~ Y 17" (1 +ar + )" a, (. D, By"?

jG=D

(1 +at + pr?)’ ~1+ozjt+( 5

o’ +j,3)t2 +0(r%). O

We apply theorem 1.1 and lemma 3.1 to derive the following relationships:

Lemma 3.2.

(a)co=3c1=2,0=%,c3=60,c4 =—180, cs = 15, c¢ = =30, c; = 90

(b) ef =24, ¢5 =0, 5 =30, ¢ +e3 = =30, ej; = 45, ¢}, = F45

(c) e, = 180, ef, = —180.

Proof. We have gl,,'j = —20lgl'j, fl,,' = 0, gZ’l‘j = _3ﬁgij and 51 = —2aE. Thus gl,[,-;jj = 0,
Gi,ij;ij = 0 and Fy;;; = 0. We equate coefficients of suitable expressions in lemma 3.1 to
derive the systems of equations shown in table 3 from which the lemma will follow. Note that
since m is arbitrary, equations involving this parameter can give rise to more than one relation.

|

Table 3. Systems of equations derived by lemma 3.1.

—2mey = —6% [eef]in ad!
4(m2e; +mep) = 360% [ozzf] in aﬁ"’
—3mey = =360 [Bf1in a}!
—2(cq +me7) = —360"-26 [afE]inal
—2(mes +¢g) = —3602=2 [ef R;jji]in alf
=2{(m — Def + &5} = —384(“51 (£ 1) laf]in adM
—2{(m — Dex +ef +ex} = —360(252) (1) [afLaalinal™
=2{(m — Deiy +efy} = —360(252)(£4) [@fim]in al™

—2{(m — Det, + et} = —360(252)(2). [ef ST in al™
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4. Time-dependent gauge transformations

Let D, := e @Y Dee¥ + oW. If Bu = u,, + Su is the Robin boundary operator, we gauge
transform the boundary condition to define B, := V,, + S +¢S; with §; = oW.,,,; the Dirichlet
boundary operator is unchanged.

Lemma 4.1. We have %{an(f, Dy, Bo)}o=0 = —an—2(fV¥, D, B).

Proof. Let up := e 'P#¢ and let u := e~'¥u,. We show u satisfies the relations of (1.1e) by
computing

du(t,x) =e Y@, — oW)uo Dou(t, x) = e "Y(D +oW)uy
(3 +Dy)u =e Y@ + D)ug =0 and u(0, x) = up(x) = p(x).
Dirichlet boundary conditions are preserved. With Robin boundary conditions,

—toW

U +Su+tSiu=e (uo.m — toW. o + Sug + toW. ,up) = 0.

Thus K (-, D,, B,) = e ®YK (-, D, B). The lemma now follows. O
We use lemma 4.1 to obtain some additional relationships:

Lemma 4.2. We have cg = 60, e; = —30 and e], — 2e3 = 60.

Proof. Let W vanish on 9 M. We apply lemma 4.1 with M = [0, 1] and D = —37}. We work
modulo terms which are O(o?) and compute

DQ =D+oV — 21‘@4’;989 — [Q‘Iﬂ’;()g
Bg =V, +S+toV., NET 2
E = —Q\IJ .7:1,," = —ZQ\I];Q 81 = —Q\I’;g(.;.
We study %{af}b:o and %{aj’MHQ:o as shown in table 4.
Here the notation (—1207, 240") indicates that the coefficient for Dirichlet B~ and
Neumann B* boundary conditions is —120 and 240. As —a)/(f¥,D) = 0 and

—agM(f\ll, D,B%) = —ﬁ(47‘[)’1/2 faM +180(fV¥).,n, we use lemma 4.1 to derive the
following equations from which the lemma will follow:

0 = —60 + 180 — 2cg
—180 = —2¢} + €, — 240
180 = 120 — 2¢; . O

Table 4. Variational formulae needed in the proof of lemma 4.2.

%{GOE:ii}lg:O = *60\1’;90 %{718051”9:0 = 180\IJ;99
%{CS}-L[;[}|Q=O = —2c3 W99 %{ELSI}lg:O = e,V
36 1(=1207. 240N Ex}lo=o = (1207, =240y g {e Fim}lo=0 = —2¢5 o
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5. Time-dependent coordinate transformations

In this section, we study time-dependent coordinate transformations and make a coordinate
transformation that mixes up the spatial and the temporal coordinates. This technique was
also used in [5] to study the heat content asymptotics. We work in a very specific context
but note that the lemma holds true with much greater generality. Let M := S' x [0, 1] with
ds? = e¥1dx? +e?"2dx3. Letdvy = gdx!'dx? Let 8 € C®(M) have compact support
near some point P € M. Let A be the scalar Laplacian and let 5 be a static boundary condition.
Define

D, (t, x1, x2) := (¢, x1 +1QE, x2)
D, := CI>Z(8, +A)— 0 and B, = @2(8).
Lemma 5.1. We have -0, (f, Do, By)lo=o = —3a,-2(¢ "' 91 (¢ E), A, B).
Proof. Let u(t, x1, x2) = {<I>Z (e7"28¢)}(x1, x2). By naturality, u satisfies the relations of

(1.1e). As the static operator determined by D,, is A+ lower-order terms, dvy, is independent
of 0. Thus

K(t, x1, X2, X1, X2, Dy, By) = K(t, x1 + 0t E(x1, X2), X2, X1, X2, A, B).

We set x; = X1 and x, = X,. We work modulo terms which are O(p?) and expand in a Taylor
series to compute

a(f, Dy, By)(1) =/ F1.x2)K(t, %1, %2, %1, %2 Dy By) dvy
M
= f S, x)K(t, x1 + 0t 8, x2, X1, X2, A, B)g dx; dx;
M

= /M{f(xhxz)K(l,XhX27X1,X2,A,B)
+tof B K (t, x1, X2, Y1, X2, A, B) =y, }g dx1 dxa.
As Ap is self-adjoint, the heat kernel is symmetric. Thus we have
a(f, Dy, By)(1) = /M{f(xl,X2)K(t,x1,xz,xl,Xz, A, B)
+%thEalK(t, X1, X2, X1, X2, A, B)}g dx; dx;
= /M{f(xl,xz)K(t,xl,Xz,xl,xz,A,B)

_%th_lal(ng)K(tv X1, X2, X1, X2, Av B)}de
=a(f, A, B)(t) — Stoa(g™ '3 (gfE), A, B)(1).

We use lemma 5.1 to complete the proof of theorem 1.2 by completing the calculation of the
coefficients ¢; and e". O

Lemma 5.2.

(a) cg =15 and c;p = —30
(b) ey =—60,e5 =30,e, =30,e; =—-30andeg =0
(c) e =120, el = =150, ef = —60, e7 = 60, e§ =0, e = 150, e}, = 360 and ej5 = 0.
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Proof. We introduce an auxiliary parameter & and work modulo terms which are O(s?)+0(0?).
Let

ds? := e®V1 dx] + ¥V dxj.
The Laplacian A = —g~'9;g¢"/ 9, can then be expressed in the form
A=—{e 3] +e V287 + e(Yay1 — Y11)31 +e(Wijn — ¥22)s).

Let ®,(f, x1,x2) = (¢, x1 + 0t E, x2). Let E;; = 9; &, etc. As ®, is a diffeomorphism, we
can pull back both differential forms and differential operators. We compute

®,(01) =91 — 10810 Dy (02) = 02 — t0E 20y ®,(0) = 9 — 0Ed.
The operator D, := @7 (3, + A) — 9, is given by
D, = A+tole ™' [2E/13] + E/1131] +e V2 [2E 2813, + E 2011}

+toe{2v1 /1 B8} + 21 E07 + E/1(Y21 — Y110

—EWr211 — V11001 + E2(Y12 — ¥22)01 — EWrij12 — Y212) 32}
The tensors E, G and & are therefore given by table 5.

Table 5. List of tensors needed to prove lemma 5.2.

Dy = A —Ed WP = fe¥VipE
gl,” 56728¢]2QE/1+28W1/1QE a)2D =0
G1,2 = 2evp)108 G112 =e"2V20E )y

E= *%95/1 - %8(1//1/1 +VY21)08 & =0

To compute F, we must express partial differentiation in terms of covariant differentiation.
Since w is linear in g, it plays no role. The Christoffel symbols of the metric, however, play a
crucial role. We compute

G fn = (G107 — 2081891191 + 2081691 280) f
261, f12 = (261129132 — 208 261,291 — 208 pera)13a) f
G122 i = G203 f.

We use this computation to determine the tensor 7

Fil =0V B +e VB m) + eo{l(Wa — i) Ejn — (W11 — Yiyn) B
+(W12 — V22) B + 2911 E/1 + 2912 E 2}

Fi2=eol—Wi2 — ¥a12)E — 212 B 1 + 2921 E o).

We now prove assertion (a). Let P € int(M). Let eyri(P) = ey (P) = 0. We study
monomials E,11; and vr,/111 & appearing in %{af‘”()}bzo. LetR = Eorlet R = R;;;;. We
integrate by parts to define A[R] by the identity

—5 [ gt R vy = 55 / FAIR] dvy
M M

then

1M (g0 (gf B), A) = (dm) S /M FAIGE + Riyji]dvy.
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We have R;j;; = —2¢eyr5/11 + - --. We compute

d
£{60E;ii}|g=0 = —308,111 — 30eyr/111 E+ - --
d
@{60}_1,1';1'“@:0 = 608,111 — 60ev2/111E+- -+

d
%{0991,1'1';,7”@:0 = 2c98/111 +2c96Y2/111 E + - - -

d
g{clogl,ij;ijﬂgzo =2¢108/111 +0croe¥2/ i1 E + - -

A[6E] = 03/111 +08¢2/1113 + ...
A[Rijji] = OE/111 - 608W2/111 4.

We use lemma 5.1 to relate the coefficients of f&,11; and f,111E and establish the
following relationships from which assertion (a) follows:

—30+60+2c9 +2ci1p=0 and —30 — 60 + 2¢c9 = —60.
We now study the boundary terms. We pull back the Robin boundary operator
(e 20y + 8) = e VNCEB — e V210 E p0) +10E (Seyny1 + S}
to determine the tensors
T'=—e 08, and S; = 0E(eVa1S +5)1).

We have L1} = —&vr1 5. We study the terms comprising %{ajw(f, Dy, B,)}o=0- Atthe point
of the boundary in question, we suppose ey (P) = ey (P) = 0.

d

%{(—120_, 240%) fE.n}o=0 = (607, —120%) f{E/12 + (eYr1/12 + €Y2/12) B
+(eVi1 +ev1)En)

d

£{120fELaa}|g=0 =60efY12E)

d

£{720fSE}|g=O = —360fS{E1 + (W11 + V1) E)

I L ot

£{€3 SGraaLlpp}lo=0 = €5 fFRE;)(—eV12)

0 4

%{64 fgl,mmebHQ:O =0

0

g{egtfgl,ablmb”g:o = e3 fQE/)(—eY1))

I _ o+ - =

g{% SG1mmmlo=0 = eg (e 12 E +4evn /1 E )

d
£{€$fgl,aa;m}|g=0 = eT f{2E 12+ 26Y1/12E + 2611 E)p — 26Y21 B}

d
@{egifgl,am;aﬂg:o =g fl—eV21Epn+ B+ ey 1B — 26v1 281}
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d

%{e;tf}—l,m}b:O = ¢y f{—(eWi/12 — €V2/12) E — 2612 B )1 + 26921 E )2}
0 + o+ - -

@{elzfsgl,uaHQ:O = e f12E/15 + 28y s}

d
£{6T3fsgl,mm}|g=0 = e}; f{2e21 ES}

d
£{€T4f51}|g:0 = e}, fE{eV21S+ S/}

d

g{eTsza:a”Q:O =elsf(eV218p — E/ia — Vi1 Ep2)
8 ~ ~
g{(ilgo)f;mEngo = F90f.u {81 + (e¥1/1 +&Y2/1) B}
I + - -
g{eloﬁmgl,uaﬂgzo = 6,]()f;m(zc"/l + 2"5‘”]/] E‘)

a
g{eﬁ f;mgl,mm}lQ:O = e?:] f;m28¢f2/l E.

We must also study the boundary terms comprising —%agM (-). As when studying ai’, we
integrate by parts to define .A and compute

Al2fLaa] = —60efri)12E
A[IZfS] = —360{ESfS1/f2/] — fES/]}
A[E£3 fin] = F90{(eVr1)12 + €¥ry12) fE + 28Yn (fm E+ fE )}

We established the following relations in lemmas 3.2 and 4.2:
e5 =30 ey +e5 =30 el — 2e5 = 60 and ey = —30.

We use lemma 5.1 to derive the equations shown in table 6 and complete the proof. ]

Table 6. Equations for the constants e,.i.

(607, —120%) +4ef — 2¢F — €5 +2¢f +ei5 = F180  [feya1Epl

(60~, —120%) +2¢5 + 5 = F90 [fev12E]

(60~, —120%) +2¢F — eF = —60 F 90 [fedi/12E]

(60~, —120%) +2¢5 +ef — i =0 [fE/12]

—2ef —2eg —2eF =0 [fey28/1] e, = 360 [fSnEl
=360+ 2e}; + ety = =360 [feya ES] —360+2¢7,=0  [fE/S]
F90 + 267, = F180 [fmeV2n 81 F90+265,=0  [fimEn]

6. Commuting operators

We conclude this paper by deriving a final functorial property. The equations which can be
derived using this property are compatible with the values for the constants ¢; and eii computed
previously; they are omitted in the interests of brevity.
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Lemma 6.1. Let D be a self-adjoint static operator of Laplace type and let B be a static
boundary condition. Let Q be an auxiliary self-adjoint static partial differential operator of
order at most two which commutes with D and with B. Then

9 9
a—{an(f, D +2t0Q, B)}|p—0 = —{an—2(f, D+00Q, B)}lo=0-
o do

Remark. If we take D = Q, then D(g) = (1 + 2tp)D. By lemma 3.1,

2—m

a
%{6140”, (1+210)D, B)}|o=0 = a(f, D, B).

On the other hand, clearly a,(f, (1 + 0)D,B) = (1 + 0)"™™/2q,(f, D, B). Thus we may
show that lemma 6.1 is compatible with lemma 3.1 in this special case by computing

2—m

d a
@{az(ﬁ (I1+0)D, B)}g=0 = a(f, D, B) = @{M(ﬁ D +210D, B)} oo

Proof. Let K;(¢) := (1 — t>0Q)e ", Then K;(0) is the identity operator and
(3 +D+2100)(1 — 1?0 Q)e ™" = {—210Q — (1 = ?0Q)D + D(1 — *0Q)
+210Q(1 — 0 Q)}e ™"
= 2302 0% D5,

There exists a constant C and an integer p such that we have the estimate in a suitable operator
norm:

|—2120% Q%P5 < Cr7+ %

Thus since we are interested in the linear terms in o, we may replace the fundamental solution
of the heat equation K (¢) for D + 2to Q by the approximation (1 — ot>Q)e "5, There is an
asymptotic expansion of the form [4]

Trpo(fQe™'P%) ~ ) 1" 2q,(f, Q, D, B).

n>=0

We equate coefficients of #"~"/2 in the asymptotic expansions to see

ad
£{an(f, D +2t0Q, B)}o=0 = —an—2(f, O, D, B).
Since Q and D commute and since Q and B commute, we complete the proof by computing

0 d
Z 8—{an(f, D+00Q, B)}|p=ot " ™™/* ~ %{TFLZ(fe_t((mQQ)B))Hg:o

n>=0

= Trpa(—f Q™) ~ =3 au(f. Q. D, By" ™"

n=0
SO

a
%{an(fyD-i-QQvB)HQ:O=_an(fv Q»D’B) g
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